Heterogeneous velocity structures are expected to affect fault rupture dynamics. To quantitatively evaluate some of these effects, we examine a model of dynamic rupture on a frictional fault embedded in an elastic full space, governed by plane strain elasticity, with a pair of off-fault inclusions that have a lower rigidity than the background medium. We solve the elastodynamic problem using the Finite Element software Pylith. The fault operates under linear slip-weakening friction law. We initiate the rupture by artificially overstressing a localized region near the left edge of the fault. We primarily consider embedded soft inclusions with 20 per cent reduction in both the pressure wave and shear wave speeds. The embedded inclusions are placed at different distances from the fault surface and have different sizes. We show that the existence of a soft inclusion may significantly shorten the transition length to supershear propagation through the Burridge-Andrews mechanism. We also observe that supershear rupture is generated at pre-stress values that are lower than what is theoretically predicted for a homogeneous medium. We discuss the implications of our results for dynamic rupture propagation in complex velocity structures as well as supershear propagation on understressed faults.
I N T RO D U C T I O N
The velocity structure in the vicinity of pre-existing fault networks is, in general, heterogeneous (SCEDC 2013) . In particular, faults zones are typically composed of rocks and granular materials that have experienced different cycles of damage and healing. This leads to time-dependent variations in the magnitude of elastic moduli and the wave speeds (Ben-Zion & Sammis 2003) . The existence of heterogeneities is expected to affect rupture propagation on the embedded fault segments due to wave reflection, transmission and diffraction from the boundaries of these inclusions.
Of the different complexities that may arise in the velocity structure near pre-existing faults, the properties of low-velocity zones (LVZs) have been extensively studied. Examples include LVZs around San Andreas (Li & Leary 1990; Li et al. 2006; Lewis & Ben-Zion 2010) , San Jacinto (Lewis et al. 2005; Yang & Zhu 2010) , Landers (Li et al. 1994; Peng et al. 2003; Li et al. 2007 ), Hector Mine (Li et al. 2002) , Calico (Cochran et al. 2009; Yang et al. 2011) , Nojima (Mizuno et al. 2008) , and North Anatolian fault zones.
The implications of the existence of an LVZ adjacent to the fault surface, within an otherwise homogeneous medium, have been explored using spontaneous dynamic rupture models (Archuleta & Day 1980; Harris & Day 1997; Ben-Zion & Huang 2002; Huang & Ampuero 2011; Huang et al. 2014) . The velocity reduction within the LVZ, relative to the country rock, may vary in the range of 20-60 per cent (Huang & Ampuero 2011) . It was found that the trapped waves in the LVZ alter the shear stress on the fault plane and affect both the dynamic rupture mode (e.g. Huang & Ampuero 2011) and rupture characteristics including supershear propagation. (Harris & Day 1997; Huang & Ampuero 2011; Huang et al. 2014) . The enhanced supershear transition observed in simulations with LVZs (Huang et al. 2014) suggests that more heterogeneous velocity structures must be considered when investigating rupture speed.
Supershear rupture propagation has been inferred from seismic observations for natural faults in several large strike-slip earthquakes, including the 1979 Imperial Valley earthquake (Archuleta 1984; Spudich & Cranswich 1984) , the 1999 Kocaeli (Izmit) earthquake (Bouchon et al. 2000 (Bouchon et al. , 2001 , the 1999 Duzce earthquake (Bouchon et al. 2001; Konca et al. 2010) , the 2001 Kokoxili (Kunlun) earthquake (Bouchon & Vallée 2003; Robinson et al. 2006; Vallee et al. 2008; Walker & Shearer 2009 ), the 2002 Denali earthquake (Dunham & Archuleta 2004; Celebi et al. 2004) , the supershear rupture associated with the aftershock of 2013 Sea of Okhotsk earthquake (Zhan et al. 2014) .
The transition from a rupture velocity less than the Rayleigh velocity to a rupture velocity greater than the shear wave velocity has been studied using dynamic rupture simulations (Burridge 1973; Andrews 1976; Das & Aki 1977; Day 1982 Tape 2009 ). An example of a velocity structure similar to our investigation (e.g. an off-fault low-velocity inclusion) is highlighted within the dashed rectangle. Festa & Vilotte 2006; Dunham 2007; Liu & Lapusta 2008; Oglesby et al. 2008; Shi et al. 2008; Lapusta & Liu 2009; Kaneko & Lapusta 2010; Bizzarri 2012; Bizzarri & Das 2012; Elkhoury & Knopoff 2012; Gabriel et al. 2012; Langer et al. 2012; Le Goff et al. 2013; Huang et al. 2014; Ryan & Oglesby 2014) . The primary mechanism for the supershear transition is known as the Burridge-Andrews mechanism (Burridge 1973; Andrews 1976) , occurring when a daughter crack is nucleated at the S-wave shear stress peak ahead of the propagating Mode II rupture.
In order for the Burridge-Andrews mechanism to take place on a homogeneous fault in 2-D models, the pre-stress must be high enough. The strength parameter S (Andrews 1976; Das & Aki 1977) , which is given by the difference between the static shear strength and initial stress divided by the difference between the initial stress and the dynamic strength, has to be smaller than a critical value of S crit = 1.77. Previous work has shown that heterogeneities on the fault surface, including variations in the pre-stress or fracture energy (Dunham et al. 2003; Liu & Lapusta 2008) , may enable supershear propagation at lower pre-stress values than what are theoretically predicted under homogeneous conditions. The effect of off-fault heterogeneities in the form of off-fault plasticity and damage has also been recently investigated (Huang et al. 2014) . The influence of off-fault material heterogeneities, as may be represented by inclusions or layered structure, is the focus of this paper.
Material gradient and contrasts may not be confined to the vicinity of fault surfaces. Velocity anomalies in the form of lenses with lower or higher wave speeds than the surrounding medium may exist at some distance from the fault surface (Fig. 1) . In this case, additional interfaces, introduced by the boundaries of the domain with the different rigidity, produce multiple reflections in the wavefield as well as diffraction and refraction effects. These modulations may influence the rupture process and increase the complexity of the dynamic response. In this paper we model dynamic rupture propagation on a slip-weakening fault in an elastic domain with an embedded inclusion of a lower rigidity. This softer inclusion may not be directly adjacent to the fault surface and it may have a limited extension relative to the fault length. It may be taken as an analogue of a sedimentary basin or a zone that is heavily damaged relative to its surroundings. Section 2 describes the model setup and parameters selection. In Section 3, we show the simulation results regarding the influence of the embedded soft inclusion on the supershear transition as well as rupture propagation characteristics. We examine the robustness of our findings with respect to variations in the soft inclusion thickness, the off-fault distance, material contrast degree, and the stress level effect. In Section 4, we discuss the implications of our results in the context of other observational and computational models involving LVZs and supershear ruptures. We summarize our conclusions in Section 5.
M O D E L S E T U P
We consider a planar fault in a linear elastic isotropic medium under inplane strain conditions. The medium has a shear modulus μ 1 everywhere except for the inclusion that possesses a smaller shear modulus μ 2 . The inclusion geometry is idealized as a rectangular domain with a width H 2 , a length H 3 , and is located at a distance H 1 from the fault. We shifted the inclusion by a distance H 4 in the horizontal direction to ensure that the rigidity around the nucleation patch is not affected by the inclusion. The medium geometry is symmetric about the fault plane (Fig. 2) . Absorbing boundary conditions are applied at the four boundaries of the domain to mimic an infinite extension in all direction. In this study we assume the inclusion pair to be symmetric about the fault plane. By setting up such geometry we focus our study on the supershear rupture induced by the dynamic shear stress while keeping the normal stress along the fault at its static value.
The fault friction is governed by linear slip-weakening law (Ida 1972; Palmer & Rice 1973) , where the frictional shear strength decreases linearly as a function of slip δ from its static value τ s to the dynamic value τ d over a characteristic slip d c (eq. 1). We keep the friction law parameters the same in all our simulations. We choose the static friction coefficient to be 0.6, the dynamic friction Figure 2 . The model geometry. The simulated domain has an aspect ratio of L/W. A slip-weakening fault of length L bisects the domain and acts as a horizontal symmetry line. Light grey layers represent the location of the soft inclusions. H 1 defines the distance between the fault and the material boundary. H 2 defines the thickness of the soft layer. H 3 defines the length of the soft layer. H 4 defines the off-edge distance of the soft layer inclusion. In most cases investigated here we set H 4 = 10 km. Absorbing boundary conditions are used for all edges to simulate an infinite extension in all directions.
coefficients to be 0.5, and the characteristic slip-weakening distance to be 0.2 m:
The static strength τ s and the dynamic strength τ d are the products of the effective normal stress and the corresponding static and dynamic friction coefficients, respectively. We discuss the implications of the choice of this particular friction law compared to other formulations, such as rate and state friction, in Section 4.
We solve the dynamic rupture problem under 2-D plane strain conditions using the finite element program Pylith (Aagaard et al. 2013) . A uniform mesh with a 25 m grid size has been found to be adequate for resolving the process zone within the range of parameter values explored in this study. We conduct a mesh convergence study with 12.5 m element sizes in Appendix A. The results are not affected by the mesh refinement. 
where μ 1 is the shear modulus of the homogeneous domain, d c is the slip-weakening distance, τ s and τ d are the static and dynamic shear strength values, respectively. This length scale R is proportional to the universal nucleation length predicted for linear slip-weakening friction (Uenishi & Rice 2003) in a homogeneous medium with a shear modulus μ 1 .
To start the dynamic rupture, we overstress the fault beyond its static frictional strength in a limited region extending for a distance equal to R to ensure the immediate dynamic propagation. The nucleation procedure is depicted in Appendix B. In previous studies, it was pointed out that the nucleation procedure may affect the subsequent dynamic rupture evolution (Festa & Vilotte 2006; Shi et al. 2008; Payne & Duan 2015) . We use the same nucleation procedure in all simulations. We discuss the implications of the abrupt nucleation adopted here as compared to other nucleation procedures-including quasi-static nucleation-in Section 4.
R E S U LT S
In this section, we investigate the influence of the existence of an off-fault low-velocity lens on the rupture mode and transition to supershear.
Supershear rupture propagation in the presence of off-fault low-velocity inclusion
The existence of an off-fault heterogeneity with a lower shear modulus than the surrounding bulk enriches the wavefield by introducing additional boundary surfaces. The waves emanating from the rupture and propagating through the heterogeneous medium are modulated by the reflection and the refraction at the different material interfaces. These modulations include changes in wave amplitudes, phase angles, and polarities. In Fig. 3 , we plot the reflection coefficient for the P and SV waves at both the lower and upper boundaries of a hypothetical soft layer for the case corresponding to a mismatch in P-wave speed = 20 per cent. We consider different values of the incidence angle. For SV-SV ray, waves reflected from the lower boundary of the soft layer have the same polarity as the incident wave for the whole range of incidence angles considered here. Thus, these waves enhance the rupture propagation. On the other hand, the waves reflected from the upper boundary of the soft layer have negative reflection coefficients for incidence angles less than 10
• . When these waves are transmitted back to the fault zone, their reversed polarity impedes the rupture and may lead to temporary rupture arrest and formation of slip pulses as we will discuss shortly. For the P-P ray, waves reflected from the lower boundary of the soft layer have reversed polarity for the full considered range of incidence angles while the waves reflected from the upper boundary of the soft layer have positive reflection coefficients for incidence angles smaller than 10
• . However, due to the symmetry, the normal stress on the fault remains unaltered. This scenario, particularly for the SV waves, differs from when the low-velocity layer is adjacent to the fault plane. In this case, only reflections from the far-side layer boundary are present leading to rupture decoherence (Huang & Ampuero 2011; Huang et al. 2014) .
We first consider a fault case with strength parameter S = 1. In a homogeneous medium, we observe that the rupture jumps into supershear after propagating for a distance ∼65.25 km.
The existence of the soft heterogeneity reduces the supershear transition distance. The extent of the effect depends on many factors such as the soft inclusion thickness, the soft inclusion extension, the soft inclusion distance from the fault, and the velocity reduction in the soft inclusion. These factors determine the amplitudes of the waves reflected from the soft layer to the fault zone as well as the perturbations in the nucleation size of the daughter crack. In particular, the width of the soft inclusion determines the difference in arrival times, as observed on the fault surface, between the different waves reflected from the two boundaries of the soft layer. For a soft inclusion of length 10 km and width H 2 = 2R, where R is the nucleation length, the transition distance to supershear is reduced to only 14.55 km compared to 65.25 km for the homogeneous case. This reduction may be attributed to two reasons. First, the shear waves reflected from the near-side boundary of the soft inclusion have the same polarity as the incident wave, and thus, they enhance the rupture propagation. This thickness of the soft inclusion H 2 = 2R is big enough to delay the arrival of the reflected waves from the far-side boundary. Since these waves have an opposite polarity they interfere destructively with the rupture. When the soft inclusion thickness is smaller (e.g. H 2 = R) these waves arrive sooner to the fault surface and compete with the enhanced effect carried by the reflected waves from the near-side boundary. In this case, the transition distance is close to its value in the homogeneous case.
The second reason is that the nucleation length for a crack is proportional to the rigidity of the domain (eq. 2). The existence of a soft inclusion reduces the local effective rigidity of the medium compared to the homogeneous case. Thus the nucleation size of the daughter crack will be smaller in the presence of a soft inclusion. This is shown in Fig. 4 . There, we track the width of the region for which the peak shear stress is equal to the static strength. We define the nucleation size of the daughter crack as the size of this region just before it becomes disjoint. Based on this definition, we have found that the nucleation length of the daughter crack is reduced from 300 m, for the homogeneous medium, to 200 m, for the case with softer inclusion. The nucleation size of the daughter crack is smaller than what is predicted for quasi-static nucleation (eq. 1). This is because the nucleation of the daughter crack is enhanced by the dynamic stress field of the primary crack.
Fig . 5 shows the variation of the rupture speed for the homogeneous and heterogeneous cases. We compute the rupture speed by recording the location of the rupture tip at each time step. To eliminate numerical artefacts associated with the finite space-time discretization, we fit the tip position-time curve with a polynomial of degree 9. By differentiating the smoother curve that resulted from the fitting process, the instantaneous rupture tip speed is computed, as shown in Fig. 5 . We have also depicted the shear wave speed as well as the Rayleigh wave speed for the fault zone material on the same plot.
In both cases, the supershear transition occurs discontinuously through the nucleation of a daughter crack as predicted by the Burridge-Andrews mechanism. The discontinuity in the rupture speed plot corresponds to the nucleation of the supershear tip. For the homogeneous case, the supershear rupture transition occurs at 65.25 km, whereas for the soft layer case the supershear transition happens at approximately 14.55 km. In both cases prior to the supershear jump, the rupture travels at sub-Rayleigh wave speed. There is no propagation through the so called 'Energetically Forbidden Zone' defined by the range of velocities between the shear wave and Rayleigh wave speed (Freund 1990) .
Another feature of the rupture speed plot (Fig. 5) is the existence of a dip shortly after the transition to supershear. This is related to the details of the supershear transition process. Shortly after it is formed, the daughter crack joins the main rupture, and the leading rupture tip propagates at supershear velocity while the main rupture tip is still propagating at lower velocity. As a result, the distance between the leading edge and the main rupture front continues to increase eventually leading to the detachment of a supershear pulse. This mechanism occurs in both the homogeneous and layered cases (Fig. 5) . After the detachment, the rupture propagation speed of the slip pulse increases until it saturates at a speed between √ 2c s and c p of the fault zone (Dunham & Archuleta 2004) . Fig. 6 shows the space-time evolution of the slip rate on the fault surface in the two cases. For the case of homogeneous medium the 
slip rate is smoother. The multiple reflections from the different interfaces in the medium with an LVZ lead to oscillations in the slip rate. Depending on the material contrast, these oscillations may become large enough to lead to the temporary arrest of the rupture behind the leading edge and the formation of a train of pulses (not shown here). Fig. 7 shows the evolution of maximum slip rate for both the homogeneous and inhomogeneous media. The existence of the embedded soft inclusion leads to the saturation of the maximum slip rate of 2.0 m s −1 during the sub-Rayleigh propagation. After the supershear jump, and as the rupture propagates into the homogeneous medium, the maximum slip rate starts to increase again. In the homogeneous case, on the other hand, the maximum slip rate increase monotonically up to 10 m s −1 in the sub-Rayleigh regime. The sudden jump in the maximum slip rate profile in both cases point to the supershear transition. The end of the drop following this jump refers to the detachment of supershear slip pulse. These observations suggest that the presence of a soft inclusion leads to the occurrence of supershear transition at lower smaller slip values than in the homogeneous case. Also the magnitude of the maximum slip rate is smaller in the soft layer case than the homogeneous case even though the rupture propagates faster in the former than in the latter. The same observation applies to the rate of change of the maximum slip rate. Although both tips are propagating in the same homogeneous medium (after the soft inclusion ends), the maximum slip rate increases at a faster rate in the homogeneous case than in the case with low-velocity lens. This points to the necessity of accounting for the rupture history when estimating rupture quantities such as slip and maximum slip rate.
Effect of soft inclusion thickness and off-fault distance
In this section, we investigate the effect of soft layer thickness (H 2 ) and off-fault distance (H 1 ) on the supershear transition length. For this purpose, we assume that the inclusion extends for the full length of the fault. We normalize these two quantities by R. For H 2 /R = 2, we vary H 1 /R between 1 and 10. As shown in Fig. 8 , the more distant the soft layer is from the fault surface, the longer the transition distance to supershear propagation is. On the other hand, for H 1 /R = 1, we vary H 2 /R between 1 and 10. In this case, as the thickness of the soft layer increases, the transition length decreases.
These observations are explained as follows. The shear waves reflected from the far-side and near-side surfaces of the soft layer have opposite polarities (Fig. 3) . The traveltime for a ray emanating from the rupture, reflected from one of these interfaces, and arriving back at the fault surface, depends on the layer thickness as well as its distance from the surface. The more distant the soft layer is from the fault surface, the longer this traveltime will be. As a result, there is a delay in the arrival of the waves reflected from the near-side surface. These waves enhance the rupture propagation and accelerate the supershear transition. Their delay increases the transition length.
The increase in the soft layer thickness, on the other hand, enhances the supershear transition and shortens the transition length. As the soft layer thickness increases, the difference in arrival time, as observed at a point on the fault surface, between the waves reflected from the far-side and near-side boundaries of the soft layer increases. The delayed arrival of the waves reflected from the upper boundary reduces their destructive interference effect allowing more time for the rupture to interact with the waves reflected from the near-side boundary. The latter, having the same polarity as the incident waves, enhances the propagation dynamics and accelerates the rupture transition into supershear. This is shown in Fig. 8 , where the transition length changes significantly as H 2 changes from R to 2R but nearly saturates thereafter. This saturation reflects the ob- servation that increasing the soft layer thickness beyond a certain limit is ineffective in changing the transition length. This is because any further delay in the arrival of the reversed polarity waves from the far-side boundary of the soft layer is irrelevant if the supershear transition has already happened. The trend in Fig. 8 suggests that variations in the distance of the soft layer from the fault surface have a strong impact on the transition length. On the other hand, the effect of the layer thickness is only relevant for a limited range of thickness values. For a given off-fault distance, increasing the layer thickness beyond a certain value has a negligible effect on the supershear transition. 
Effect of soft layer extension
The low-velocity layer may extend to different lengths. Fig. 9 compares snapshots of slip rate in two cases: (1) a soft layer extending full length and (2) a soft layer extending only for 10 km. Both cases have a strength parameter S = 1 and a velocity reduction is 20 per cent. For both cases, the supershear transition distance is approximately 14.55 km. This suggests that accelerated supershear transition is insensitive to the length of the soft layer as long as the length of the soft layer is larger than a critical value. This value is set by the velocity contrast and the distance of the soft layer from the fault surface. Moreover, the rupture continues to propagate as supershear into the homogeneous medium after the truncation of the soft layer at 10 km long. We discuss the implications of this on con- However, there are a few differences between the two cases. Most notably, the rupture propagating into the homogeneous medium, after the soft layer is truncated, shows a smoother slip rate profile with no oscillations behind the first rupture front. This is not the case when the soft layer extends to the full length of the fault. In this case, the oscillations in the slip rate are caused by the multiple reflections of the waves from the soft layer boundaries. The truncation of the soft layer eliminates the cause of theses oscillations.
In Fig. 10 we compare the rupture speeds for the two cases. Initially, both ruptures have essentially the same rupture speed. However, the rupture speed is slightly higher for the case of the truncated soft layer. This suggests that wave reflections from the upper boundary of the fully extended soft layer interfere destructively with the wavefield surrounding the crack tip and slightly lower its propagation speed. These reflections are absent in the case of soft layer extending only for 10 km.
In Fig. 11 , we compare the evolution of maximum slip rate when the soft layer has a limited extension of 10 km and when it extends to the full length of the fault. The two cases are identical as the rupture tip reaches 23 km. There is a very small difference in the time of supershear transition (see the first peak in the maximum slip rate profile) between the two cases. The supershear transition is slightly delayed in the case of soft layer that is extending for the full length. Also, wave reflections from the boundaries of the soft layer limit the maximum slip after supershear transition to approximately 2.5 m s −1 . However, in the case of the 10 km long soft layer, the magnitude of the maximum slip rate increases as the rupture propagates into the homogeneous medium.
To investigate the effect of shorter inclusions, we show in Fig. 12 the evolution of the rupture speed for two cases: a soft layer extending 5 km and a soft layer extending 10 km. The transition length to supershear has increased significantly for the soft layer extending 5 km (∼45.13 km) compared to the one extending for 10 km (14.55 km). Nonetheless, this value of the transition length is still smaller than the corresponding value for the homogeneous medium. This confirms our speculation that the reduction in transition length to supershear due to the soft inclusion becomes insensitive to the inclusion length only if the inclusion extends beyond a certain critical value. It also suggests that the presence of an inclusion with a length shorter than this value may still have an effect, albeit not as strong, on the supershear dynamics. 
Supershear transition in understressed faults: effect of soft layer position
In this section, we investigate the effect of stress level ratio S on supershear transition characteristics. The limiting value of strength parameter S for supershear rupture to occur in homogeneous 2-D elastic media is 1.77. The existence of a soft layer violates the assumption of medium homogeneity and introduces additional interfaces for wave reflection and refraction. In this case, the limiting S value may be different from the homogeneous medium, and it may be even non-existent. Indeed, Huang et al. (2014) showed that the existence of LVZ adjacent to the fault surface enhances the supershear transition mechanism. Here, we present a few examples showing that rupture may transition into supershear under stress values that are lower than the limiting case predicted theoretically for the homogeneous media. This may be particularly relevant to faults existing in the vicinity of low-velocity sedimentary basins.
We investigate the possibility of supershear transition under uniformly lower pre-stress levels in the presences of a soft inclusion. For this purpose, we carry out simulations with the soft layer extending for a limited length parallel to the fault. We consider a velocity reduction value of 20 per cent. We find that it is possible to generate supershear rupture even if the strength parameter is uniform and equal to 2 along the fault length by positioning the soft inclusion at 50-70 km with width equal to 8R (Fig. 13a) .The supershear transition length is 56.3 km and the supershear is sustained as the rupture propagates beyond the soft layer area. In another geometry (Fig. 13b) , we use a strength parameter S = 2.5, for a soft inclusion extending from 140 to 200 km. Supershear rupture is observed with supershear transition length of 143.4 km. For 0 per cent velocity reduction (homogeneous medium), the transition length is predicted theoretically to be infinite. We thus hypothesize that in the presence of an off-fault soft layer, supershear may still happen under low stress levels if the layer is placed in a "favourable" position. A possible mechanism is the reflections from the soft layer to the fault surface enhance the building up of the shear stress ahead of the rupture front, and eventually lead to the nucleation of the daughter crack through the Burridge-Andrews mechanism.
If the rigidity of the soft layer approaches zero, it may be taken as an analogue of a free surface. Supershear transition due to free surface has been investigated for strike-slip faults by Kaneko & Lapusta (2010) . Our observations suggest that supershear transition may occur at arbitrary low pre-stress values if a free surface exists parallel to the rupture propagation direction such as in some cases of normal faults and shallow parts of subduction zones. In order to study the effect of material contrast on supershear rupture transition, we conduct simulations with higher material contrast up to 40 and 60 per cent in Appendix C. We discuss the implications of this particular observation on rupture propagation on normal fault flats as well as the strike-slip faults in Section 4.
D I S C U S S I O N
Identifying conditions under which supershear transition may occur during earthquake propagation is crucial for the development of a better understanding of earthquake physics as well as the estimation of ground motions and seismic hazard models. Supershear ruptures tend to be more destructive since the resulting waves travel longer distances with less attenuation than in their sub-shear counterparts (Dunham & Archuleta 2004) . Heterogeneities in the Earth's crust are manifested in different forms. These include heterogeneities in the pre-stress, material properties, and friction laws. Exploring the interplay between different sources of heterogeneities and the dynamics of the rupture process is essential for the development of more realistic rupture models.
In this paper, we explored the influence of the existence of an off-fault material heterogeneity, represented by a low-velocity lens, on the rupture dynamics on a slip-weakening frictional interface. Our primary focus is on its effects on transition to supershear. Previous studies focused on other sources of heterogeneities such as variations in the pre-stress (Lapusta & Liu 2009) or fracture energy (Dunham et al. 2003) . Our investigation is similar to Harris & Day (1997) , Ampuero (2011), and Huang et al. (2014) , where the authors explored the influence of an LVZ adjacent to the fault surface. A point of departure for our approach is that we allow the low-velocity layer to be placed at a finite distance from the fault surface. Moreover, the LVZ may be present in the form of a velocity anomaly within a limited region and need not extend throughout the length of the domain.
Velocity structure in the upper crust is generally heterogeneous (SCEDC 2013). It is most natural to think of LVZs as present in the immediate vicinity of pre-existing faults as a result of the damage caused by previous earthquakes. However, there may be situations in which the LVZ exists near but not immediately adjacent to the fault surface. Examples include (i) faults in the shallow parts of the crust near sedimentary basins and (ii) a member of a fault network in which the damaged zone adjacent to a nearby fault has lower rigidity than the damage zone in its immediate vicinity. Moreover, recent developments in the unified velocity structure models (SCEDC 2013) show that spatially heterogeneous velocity structure is more common than what was originally thought. With increased resolution and better detection methods, we will be able to identify more fine scale variations in this heterogeneous structure.
Different friction models have been developed to describe the evolution of fault strength. These include the slip-weakening models (Ida 1972; Palmer & Rice 1973; Uenishi & Rice 2003) , the rate and state friction (Dieterich 1979; Ruina 1983) , and the shear transformation zone theory Elbanna & Carlson 2014; Lieou et al. 2014a,b) . Rate-dependent models such as the Deterich-Ruina formulation or shear transformation zone friction models capture the evolution in fault strength in response to velocity changes and naturally account for healing as the slip rate is reduced. These features have important implications for rupture mode classification (Zheng & Rice 1998; Ampuero & Ben-Zion 2008) . Linear slip-weakening models, on the other hand, do not naturally allow for fault healing and are insensitive to rate effects. Nonetheless, it is possible to map the parameters of slip-weakening friction to the corresponding parameters in the logarithmic rate and state law (Lapusta & Liu 2009 ). Thus, the results of the current study, derived based on linear slip-weakening friction, are expected to hold, at least qualitatively, if a more sophisticated logarithmic rate and state description is used.
The dynamic friction used in this study is equal to 0.5. This leads to a reasonable value of static stress drop (∼2.5 MPa) (Allmann & Shearer 2009). However, this is relatively high compared to the expected strength level for mature faults. Due to the heat flow anomaly and lack of evidence for melting on mature faults (Sibson 1973; Lachenbruch 1980; Rice 2006) , the actual value for dynamic friction is expected to be as low as 0.1 or 0.2. Several mechanisms have been proposed to account for the ultra-low dynamic friction including flash heating (Rice 2006; Beeler et al. 2008) , pore fluid pressurization (Rice 2006; Noda & Lapusta 2010) , silica gel formation (Goldsby 2002; Di Toro et al. 2004; Rice 2006) , and nanoparticle lubrication (Han et al. 2011) . We thus expect the heat generation associated with our friction model to be high and possibly consistent only with slip on dry and less mature faults (Di Toro et al. 2006) where traces of pseudotachylytes have been documented. We appreciate, however, that the rapid transition from high static friction to low dynamic friction is important for enabling rupture propagation in relatively low pre-stress conditions (Noda et al. 2011) . The details of this transition has direct implications for the rupture mode classification and generation of self-healing slip pulses (Heaton 1990; Noda et al. 2009 ). We plan to extend this study to account for strong rate weakening friction in future investigations.
In this study, we nucleated the rupture abruptly by overstressing a region of the fault beyond its static frictional strength. This artificial nucleation leads to the rupture propagating dynamically from the beginning. This is different from the more natural quasistatic nucleation of real earthquakes. However, it is not rare that an earthquake may be triggered dynamically due to waves emitted from another earthquake (Brodsky 2006; Felzer & Brodsky 2006; Van der Elst et al. 2010) . In this case, the nucleation will not be quasistatic. Moreover, this procedure is routinely used in generating laboratory earthquakes (Xu et al. 2009 ). Different nucleation protocols may affect the subsequent rupture propagation. In this paper, we used the same nucleation procedure as well as the same nucleation parameters in all the simulations. Thus, the artefacts that may be produced by the abrupt rupture initiation is common to all the results, and any observed variations may be attributed to changes in the other model parameters such as the soft layer thickness, off-fault distance, or material contrast.
The operation of most mature faults under overall low pre-stress (Noda et al. 2011 ) poses a paradox for supershear ruptures. On one hand, analytical and computational models predict that a relatively high pre-stress value (S < 1.77) is required for supershear transition to occur within a finite distance on slip-weakening frictional faults in 2-D homogeneous elastic media (Dunham 2007) . Meanwhile, if supershear rupture propagation occurs on a mature fault, it must then occur at a much lower pre-stress. A possible resolution to this paradox includes the existence of favourable heterogeneities in the fault pre-stress (Lapusta & Liu 2009 ), heterogeneities in the fracture energy (Dunham 2007) , or the existence of an LVZ adjacent to rate and state frictional fault (Huang et al. 2014) . Here, we present an additional mechanism which is the existence of off-fault soft heterogeneities. The reflection of waves from the near-side boundary of the off-fault low-velocity region enhances the supershear transition and leads to the building up of stresses ahead of the rupture tip at a much lower background stress. We showed that as the velocity contrast between the inclusion and the background medium increases (Appendix C), the supearshear transition length decreases. Moreover, we report supershear propagation at pre-stress values corresponding to S > 1.77. This may suggest that the velocity structure near the fault surface plays an important role in determining the rupture propagation speed. Accounting for these heterogeneities will give more insight into conditions for supershear transition beyond what is possible from homogeneous models or heterogeneities limited to the fault surface only.
If the elastic moduli of the soft layer are taken to zero in the limit, the soft layer near-side boundary will approach the free surface condition. We observe that the transition length decreases as the material contrast between the soft layer and the background layer increases. Moreover, we show that as the material contrast increases, the pre-stress value at which supershear propagation becomes possible decreases. The existence of a free surface parallel to the rupture strike may enable supershear transition at much lower pre-stress values than what is predicted for the full space case. This situation is relevant to rupture propagation along flat portions in normal faults as well as propagation along the shallow parts of subduction zones. Moreover, the presence of asymmetric inclusions, such as a single nearby free surface, dynamic normal stress change will occur along the fault, changing the frictional strength and thus influencing the supershear transition. We plan to investigate this topic further in future studies.
In this paper, we consider a uniform stress outside the nucleation zone. The presence of the inclusion is expected to alter the stress state locally even if the far-field loading is uniform (Eshelby 1957; Burgmann et al. 1994) . In particular, a low-velocity inclusion may create an area of low stress on the fault section within its extension. This understressing condition may counteract the wavefield enhancement created by the low-velocity layer, modify the frictional strength along the fault, and may delay or inhibit the supershear transition. Our results, so far, suggest that for the material contrast values considered in this paper the supershear transition continues to happen even in the presence of low stress area. We show an example of this calculation in Appendix D. The effect of stress heterogeneity on the supershear rupture dynamics is a topic of further research.
Future extension of this study may include the consideration of more realistic friction constitutive models such as rate and state friction with enhanced coseismic weakening, modelling the existence of off-fault stiff inclusions and representing more complex off-fault velocity structure. These investigations will also have implications for engineered composite materials in which the heterogeneous structure modulates the effective fracture toughness (Hossain et al. 2014) .
CONCLUSION
We have analysed the supershear transition induced by an off-fault LVZ using simulations of spontaneous dynamic rupture on a fault governed by a linear slip-weakening friction law embedded in 2-D elastic medium. We have analysed factors that control the transition length to supershear rupture including the thickness of the soft layer, the contrast in the wave velocity between the soft inclusion and the rest of the domain, the stress level on the fault, and the length and position of the soft layer. We have shown that:
1. For the same pre-stress value, the transition to supershear rupture may occur at much smaller distances due to the existence of the soft inclusion.
2. For the same material contrast, the transition length decreases with the increase of the soft layer thickness (at a fixed off-fault distance) but increases with the increase of the distance between the layer and fault plane (at a fixed soft layer thickness).
3. The maximum reduction in the transition length happens if the soft layer extends to a distance that is slightly larger than the transition length value predicted for a soft layer that has the same length as the fault. That is, the extension of the soft layer beyond this value has a negligible effect on the transition length.
4. Supershear propagation may happen at a much lower pre-stress in the existence of an off-fault soft layer inclusion with limited length and width. However, the transition length diverges with the increase of the strength parameter S. meshes corresponding to the case with 20 per cent material contrast, strength parameter S = 1, and soft inclusion parameters H 1 = R, H 2 = 2R, H 3 = 20 km, H 4 = 10 km. The results are indistinguishable. Furthermore, the process zone (the zone extending from the peak slip rate to the rupture tip) is well resolved with numerous elements in both cases (22 elements on the 25 m grid and 44 elements on the 12.5 m grid). All simulations presented in this study are based on the 25 m grid.
A P P E N D I X B : N U C L E AT I O N P RO C E D U R E
In this paper, we conduct all the simulations under the same nucleation procedure. As shown in Fig. B1 , we overstress the region from 0 to R which R = 1.2 km calculated from Eq. (2). The initial shear stress is uniform everywhere except in the overstressed region where it is elevated to 31 MPa, a value that is slightly higher than the static frictional strength (30 MPa). Fig. B1 shows the different stress levels corresponding to strength parameter S = 1.0.
A P P E N D I X C : D E P E N D E N C E O F S U P E R S H E A R T R A N S I T I O N O N V E L O C I T Y C O N T R A S T
Here, we investigate the impact of the material contrast between the background domain and the soft inclusion on the supershear transition. We conduct simulations with material contrast 40 and 60 per cent. Although this high contrast values may not be extensive in the earth, there is some evidence that the local velocity variations in fault zones may reach these high values (Huang & Ampuero 2011) . All the simulations are conducted with the soft inclusion starting from 10 km and extending to the end. As shown in Fig. C1 , for a fault with low stress levels (S = 2, S = 2.5), the supershear transition length becomes smaller as the material contrast increase. This is because the amplitude of the reflected waves from the nearside boundary of the soft inclusion increases as the material contrast increases (Fig. C2) . The continuous reflections from the soft layer to the fault surface enhance the building up of the shear stress ahead of the rupture front, and eventually lead to the earlier nucleation of the daughter crack through the Burridge-Andrews mechanism. 
A P P E N D I X D : S U P E R S H E A R T R A N S I T I O N I N T H E P R E S E N C E O F L O W-S T R E S S E D A R E A I N D U C E D B Y T H E S O F T I N C L U S I O N
A uniform far-field loading will generate uniform stresses in homogeneous medium. However, the stress state may be altered in the presence of inclusion. To test this hypothesis, we first compute the static stress field under uniform far-field shearing. We observe in this case that an area of low shear stress develops on the fault plane in the vicinity of the soft inclusion. To investigate the influence of this low stress area on supershear transition, we conduct a dynamic simulation with 20 per cent material contrast between the Figure D1 . The initial shear stress distribution along the fault accounting for the effect of the soft inclusion. The rupture is nucleated by overstressing the region from 0 to R = 1.2 km with initial shear stress 31.0 MPa. The red dashed line indicates the location of the inclusion from 10 to 20 km. Within the region extending between 13 and 17 km the shear stress drops to 24 MPa. This leads to a strength parameter S = −6. In the rest of the fault, the shear stress is kept constant at the level of 27.5 MPa.
soft inclusion and the background medium (same material contrast used for the static problem), and parameters H 1 = R, H 2 = 2R, H 3 = 20 km, H 4 = 10 km. We use the same nucleation procedure as before with R = 1.2 km. However, we decrease the initial shear stress from 27.5 to 24 MPa within the region extending between 13 and 17 km consistent with what is observed in the static problem. The simulation result shows that even with the presence of the low stress area [S = −6], the initial shear stress is shown in Fig. D1 , we still obtain supershear rupture, as shown in Fig. D2 . This suggests that the wavefield enrichment due to the material contrast may overcome the effects of understressing. However, the simulations show that the supershear transition in this case does not occur through the Burridge-Andrews Mechanism. Rather, the rupture speed continuously pass through the 'energetically forbidden zone' bounded by the Rayleigh wave sped C R and shear wave speed C S . As shown in Fig. D2 , there are sudden rupture deceleration (13 km) and rupture acceleration (17 km). The sudden changes in rupture speed may intensify the radiated field and influence the transition mechanism of the supershear rupture. The phenomenon of the rupture speed continuously passing through the 'energetically forbidden zone' will be a topic of further research.
